Abstract. The concept of an intersection body is central for the dual BrunnMinkowski theory and has also played an important role in the solution of the Busemann-Petty problem. A more general concept of k-intersection bodies is related to the generalization of the Busemann-Petty problem. In this note, we compare classes of k-intersection bodies for different k and examine the conjecture that these classes increase with k. In particular, we construct a 4-intersection body that is not a 2-intersection body.
Introduction
Let D, L be origin symmetric star bodies in R n . Following Lutwak [LU] , we say that D is the intersection body of L if the radius of D in every direction is equal to the (n − 1)-dimensional volume of the section of L by the central hyperplane orthogonal to this direction, i.e. for every ξ ∈ S n−1 ,
where ρ d is the radial function of D, x D = min{a ≥ 0: x ∈ aD} is the Minkowski functional of D, and ξ ⊥ is the hyperplane orthogonal to ξ and passing through the origin. A more general class of intersection bodies can be defined as the closure in the radial metric of the class of intersection bodies of star bodies. The more general concept of a k-intersection body comes from [K4] . For 1 ≤ k < n, we say that D is a k-intersection body of L if for every (n − k)-dimensional subspace H of R n ,
When k = 1, this corresponds to (1) up to a constant of 2. k-intersection bodies are also the closure in the radial metric of k-intersection bodies of star bodies. The concepts of intersection bodies are important for the Busemann-Petty problem and its generalizations (see [K3, Chap. 5] ). We are interested in comparing classes of k-intersection bodies for different k. Koldobsky's conjecture is that these classes increase with k. This conjecture comes from the connection of k-intersection bodies and embedding in L p with p < 0. The concept of embedding in L p with p < 0 was introduced in [K2] as an extension of the same properties for p > 0.
Definition 1. Let 0 < p < n. Let D be an origin symmetric star body in R n . We say that the space (R n , · D ) embeds in L −p if there exists a finite Borel measure
For −1 < p < 0, (2) is equivalent to the existence of a measure µ on S n−1 so that for every x The advantage of this connection is that we can now try to extend known results on L p spaces to negative values of p. Every such extension gives new information about intersection bodies. For example, a well-known fact is that for 0 < p < q ≤ 2, the space L q embeds isometrically in L p , therefore L p -spaces become larger when p decreases from 2. This result was also extended to negative values of p, in [K2] . Namely, every finite-dimensional subspace of L q , with 0 < q ≤ 2, embeds in L −p for every p ∈ (0, n). By Theorem 1, the unit ball of every finite-dimensional subspace of L q , with 0 < q ≤ 2, is a k-intersection body for every k ∈ (0, n). One question still to answer is: For −n < p < q < 0, does every normed subspace that embeds in L q also embed in L p ? Theorem 1 allows us to restate the question in terms of intersection bodies. For integers 0 < q < p < n, is a q-intersection body also a pintersection body? If q divides p, then every q-intersection body is a p-intersection body. Therefore, every 2-intersection body is a 4-intersection body (see [M] ). In section 4, we construct a normed space that shows that there exist 4-intersection bodies that are not 2-intersection bodies.
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Main idea
The idea of the construction originates from [SCH] , [K1] . Let f be an infinitely differentiable function on the unit sphere S n−1 in R n . We perturb the Euclidean norm x 2 by means of the function f . Given λ > 0, consider the function
One can choose λ small enough so that N λ is a norm in R n . This follows from considering the one-dimensional case:
, then the function g + λh has positive second derivatives on [a, b] for sufficiently small λ s and, therefore, is convex on [a, b] .
Let λ f = sup{λ > 0 : N t is a norm in R n for every t ≤ λ}. For each λ ≤ λ f , we denote by X λ the n-dimensional normed space with the norm N λ . For q < 0, let λ q = sup{λ > 0 : X t embeds in L q for every t ≤ λ}. Given −n < p < q < 0, we want to find a Banach subspace of L p that is not isometric to a subspace of L q . If we find a function, f , so that λ q is strictly less than λ p and λ p is strictly less than λ f , then we get an example of a Banach space which embeds in L p but does not embed in L q .
We will use the following characterization of finite-dimensional spaces that embed in L p , p > −1; see [K1] for the proof.
Lemma 1. Let p > −1, p not an even integer, let (X, · ) be an n-dimensional Banach space, and suppose there exists a continuous function b on the sphere S
where (x, ξ) stands for the scalar product in
and only if b is a non-negative (not identically zero) function.
We are going to choose special norms for which it is possible to calculate the function b and then check if b is non-negative. We will need the following lemma from [K1] that has been expanded to meet our needs here.
Lemma 2.
For every x = (x 1 , x 2 , . . . , x n ) from the unit sphere S n−1 in R n and every q > −1, q = 0, q = 2, we have
Furthermore,
Proof. It is a well-known fact, [K3, p. 56] , that for every x ∈ R n and every k > 0,
Differentiate both sides of (6) by x n twice, and then use that x ∈ S n−1 to get
for 2k − 2 > −1. Set q = 2k − 2 and use Γ(x + 1) = xΓ(x) to get (4). Now to get (5), differentiate both sides of (6) by x n four times, remembering that x ∈ S n−1 :
for 2k − 4 > −1. Now using the properties of the Γ function, setting q = 2k − 4 and using (4) we get (5).
It is a well-known fact due to L. Schwartz (see [GV, p. 152]) , that a distribution is positive definite if and only if its Fourier transform is a positive distribution. Using the above construction of N λ (x), we will take the Fourier transform in the sense of distributions of (N λ (x)) p with p < −1 and check for which values of λ is ((N λ (x)) p )(ξ) positive everywhere on S n−1 . Therfore by Theorem 1, for these values of λ the space X λ embeds isometrically in L p , p < −1. We will need the following lemma, which is based on the formula for the Fourier transform of the Euclidean norm [GS, p. 192] :
Lemma 3. Let x ∈ R
n and let x 2 be the Euclidean norm. Then
Proof. We use the connection between the Fourier transform and differentiation:
2 )(ξ) we get (7). In order to obtain the rest of the results, we differentiate ξ −n−p 2 two and four times, respectively. After collecting terms, we get the result.
Lemma 4. N λ is a convex function if and only if
Proof. N λ is convex if and only if the following function in two dimensions is convex:
The function f is convex if and only if a
dy 2 is a non-negative function for any choice of a, b. Taking the second derivatives of the function f and considering all choices of a, b, x, and y, we have the following expression:
Since we only consider positive values of λ, we choose λ so that each of the following expressions is positive: 1 − 10λ − 11λ 2 , 1+16λ +28λ 2 , and 1+3λ +80λ 2 . The latter two are always positive when λ > 0, and the first is positive if λ ≤ Theorem 2. Let n ≥ 4. If
then the Banach space X λ embeds in L −1/3 and, at the same time
Proof. First, we will prove show that
n−1 , we use (4) with q = −1/6 to obtain the following representation of the norm N λ : For the right-hand side, we use Lemma 2 with q = −1/3 to get the following representation for the norm N λ :
Lemma 1 
Solving for λ we get
Thus, if we choose λ this way, b(ξ) will be non-negative and the space X λ embeds isometrically in L −1/3 . To prove the theorem, it suffices to note that, for every n ≥ 4, , if we choose λ so that (11) is satisfied, then X λ embeds isometrically in L −1/3 but at the same time does not embed isometrically in L −1/6 . Note that for n ≤ 3, every normed space embeds in any L p , −1 < p < 0, and this is why we only considered spaces with n ≥ 4; see [K3, p. 78] .
Second example
For every λ > 0 define a function N λ on R n by 
for all ξ ∈ S n−1 . We will use Lemma 3 to compute the Fourier Transform of (N λ ) −2 : For the right-hand side, we again use Lemma 3 to compute the Fourier Transform of the norm N λ with exponent q = −4:
Lemma 1 (15) 2λ(n − 4)(n − 2) − 3(n − 4)(1 + 3λ) ≥ 9(n − 4) 2 (1 + 3λ) 2 − 6(n − 4)(n − 2)(1 + 4λ + 5λ 2 ).
Solving for λ we get λ ≤ 3n − 18 − √ 3 √ n 2 − 6n + 5 2n 2 − 30n + 103 .
Thus, if we choose λ this way, b(ξ) will be non-negative, and the space X λ embeds isometrically in L −4 . To prove the theorem, it suffices to note that, for every n ≥ 7, if we choose λ so that (11) is satisfied, then X λ embeds isometrically in L −4 but at the same time does not embed isometrically in L −2 .
By Theorem 1, we have an example of a normed space whose unit ball is a 4-intersection body but is not a 2-intersection body. For 5 ≤ n < 7, every normed space embeds in L −4 (see [K3, p. 78] ), so the example is for any space that does not embed in L −2 , for example n q , q > 2; see [K3, p. 83] .
